DYNAMICS OF NON ABELIAN AFFINE HOMOTHETIES 

GROUP OF C" 



YAHYA N'DAO AND ADLENE AYADI 



Abstract. In this paper, we study the action of non abelian group G gen- 
erated by affine homotheties on C". We prove that there exist a subgroup 
Kq of C*, a G-invariant affine subspace Eq of C" and a G Eq such that 
G{z) = Aa{z — a) + Ec for every ^ S C". In particular, G{z) = Eq for 
every z g Eq and if Eq ^ C", every orbit in U = C"\Eq is minimal in U. 
Moreover, we characterize the existence of dense orbit of G. As a consequence 
of the case n = 1 , we describe the action of affine rotations groups of . 



1. Introduction 

A map / : C" — > C" is called an affine homothety if there exists A e C\{0, 1} 
and a E C" such that f{z) = A(z — a) + a for every z £ C". (i.e. / = Ta o (A.idc") ° 
T_a, Ta : z I — >■ z + a, idc" the identity map of C"). Write / (a, A) and we call 
a the center of / and A the ratio of /. 
Denote by: 

• H{n, K) the group generated by all affine homotheties of K" (IK = M or C). i.e. 

nin,K) -.^ { f : z I — > Xz + a; a G K", AeK*}. 

• TZn the subgroup of H{n, C) generated by all affine rotations of C". i.e. 

7^„ := { / : z I — > e^^z + a; a e C", 6 eR}. 

• Tn the subgroup of T-L{n, C) generated by all translations of C". 

• Let i/2 = (f + ttZ) U (ttZ), F2 = {e", x € H2} and 

527^„ := { / = (a, e*^) e 7^„; H2, a £ C"} . 

• Let H"3 = (f + ttZ) U (-f + ttZ) U (ttZ), F3 = {e^^, x € H^} and 

SsUn ■■={! = (a, e^') e 7^„; 9eH3,ae C"} . 

We have F2 and i^s are finite, 821^71 and S^TZn are subgroups of C) containing 

Tn. 
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We say a group of affine homotheties of C" any subgroup of C). 

Let G be a non abelian subgroup of H{n, C). There is a natural action H{n, C) x 
C" : — > C". {f,v) I — > f{v). For a vector v e C", denote by G{v) {f{v) : 
/ G G} C C" the or6it of G through v. A subset A C C" is cahed G-invariant if 

o 

f{A) C A for any f G G; that is A is a union of orbits and denote by A (resp. A ) 
the closure (resp. interior) of A. 

If U is an open G-invariant set, the orbit G{v) d U is called minimal in U if 
G{v) n C/ = G{w) n [/ for every w G G(u) n U. 

We say that H is an affine subspace of C" with dimension p if iJ = E' + a, for 
some a G C" and some vector subspace E of C" with dimension p. For every subset 
A of C", denote by vect{A) (resp. Aff{A)) the vector (resp. afSne) subspace of 
C" generated by all elements of A. 

Denote by: 

- Ag := {A : / = (a, A) G G}. It is obvious that Aq is a subgroup of C* (see 
Lemma [231) ■ 

- Fix(/) := {z G C" : /(z) = z}, for every / G l-i{n,C). See that Fix(/) = if 
/ G r„ and Fix(/) = a if / = (a, A) G ^(n, C)\r„. 

- Fg := U Fix(/). Since G is non abelian then G\7;, 7^ 0, so Fg 7^ 0. 

/eG\r„ 

- Gi := G n 7^ is a subgroup of 7^. 

- Gi(0) - {/(O), /gGi}. 

- £;g Aff iVa U Gi(0)) the afBne subspace of C" generated by Fg U Gi(0). 

- S*! = {z G C : |z| = 1}. 

Remark that Eg^% since Fg 7^ and Gi(0) 7^ 0. 

In [5], we have described the action of non abelian subgroup of ?^(n,R). This 
paper can be viewed as continuation of that work. 

I learned that Zhukova have proved in [1] similar results to Lemma 13. 1[ Proposi- 
tion |4]2] and Corollarv ll.2l (ii). in the real case. The methods of proof in [1 and in 
this paper are quite different and have different consequences. 

In [2; , Arek Goetz investigates noninvertible piecewise isometrics in M-^ with the 
particular interest on the maximal invariant sets and w-limit sets. Unlike in [3], the 
induced isometrics To and Ti of its system T : X — > X are not translations but 
rotations. The partition P consists of two atoms: Pq, the open left halfplane and 
Pi, the closed right halfplane. 

Our principal results can be stated as follows: 

Theorem 1.1. Let G be a non abelian subgroup of 'H{n,C) such that Aq\R 7^ 0. 
Then : 

(1) IfGXSTZn ^ 0; one has: 

(i) G{z) = Eg, for every z e Eg- 

(ii) ifU^ C"\i?G 7^ 0, there exists a e Eg such that G{z) = A^(z - a) + Eg, 
for every z d U . 

(2) //G C STZn, one has: 

(i) G C SiTZn for some i G {2,3}. 
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(ii) G{z) = F^z + G{0), for every z G C". 

Corollary 1.2. Under notations of Theorem \ 1 . 1\ One has: 

(1) If G'\57^„ ^% andU then: 

(i) Every orbit in U is minimal in U . 

(ii) // G\R-n 7^ 0; then Eq is a minimal set of G in C" contained in the 
closure of every orbit of G. 

(iii) All orbits in U are homeomorphic. 

(2) If G d STZn, then G has a dense orbit if and only if Gi (0) = C". 

Corollary 1.3. Let G be a non abelian subgroup of 'H{n,'C) with Kq\K ^ and 
G\STZn 7^ 0, then G has no discrete orbit. 

Corollary 1.4. Let G be a non abelian subgroup of 'H{n,C) with Kq\K ^ and 
G\STZn =/= 0- Then the following assertions are equivalents: 

(1) G has a dense orbit in C". 

(2) Every orbit of U is dense in C". 

(3) G satisfies one of the following: 

(i) Eg = C" _ 

(ii) dim{EQ) — n — \ and Kg — C. 

Theorem 1.5. Let G be a non abelian group generated by two affine rotations Rg 
and Rg, of , having angle respectively and 9' . Then: 

(1) every orbit of G is dense in if and only if there is one of the following: 

(i) (il2Uil3)\{^,^?'}y6 0. 

(ii) 9 e H, and 9' e H.j with i ^ j, i,j e {2, 3}. 

(2) every orbit of G is closed and discrete in if and only if Gi{0) is closed and 
discrete with 9, 9' G Hi for some i G {2, 3}. 

Remark 1.6. If G is a non abelian subgroup of T-L{n^ C) with Kg C K, then it can 
be considered as a subgroup of 'H(2n,R), by identifying C" to M^". So Theorem ll.il 
has the same form of Theoreml.l in the real case (see [5]). 

Corollary 1.7. If G is a non abelian subgroup of 'H{n,<C) generated by n-2 affine 
maps, it has no dense orbit. 

This paper is organized as follows: In Section 2, we introduce some preliminaries 
Lemmas. In Section 3, we characterize the case n = 1 and we prove Theorem 11.51 
Section 4 is devoted to given some results in the case G\STZn ^0- In Section 
5, we characterize any subgroup of STZ„. In Section 6, we prove Theorem 11.11 
Corollaries 11.21 [T751 11.41 and 11.71 In Section 7, we give three examples. 
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2. Preliminaries Lemmas 

Lemma 2.1. 

(i) Let f — (a, a), g — £ 'H{n,C)\Tn then f o g — g o f if and only if 
a = b or a — I or j3 ^ \ . 

(ii) // Fix{f) = Fix{g) then fog^ go f. 

(iii) Let G be a non abelian subgroup o/ C), then there exist f — (a, a), 
g — (6, /3) G G\Tn such that a ^ b. 

Proof, (i) / o g(x) —go f{x), for every x G M", if and only if 

X{fi{x — b) + b— a) + a = ii{X{x — a) + a — 6) + 5, 
-^=^> —X^ib + X{b — a) + a = — /iAa + ^{a — 5) + 6, 

(a - 5)(A^ - A - ^ + 1) = 
<S=^ {a - b){X - - 1) = 0. 

So the results follows. 

(ii) There are two cases: 

• If Fix{f) = Fix{g) = then / = and g = T}, for some a,b €W, so fog = gof. 

• If Fix{f) = Fix{g) = a, then TaO f o T^a — ^id and TaO g o T^a = fJ-id, for some 
A,/i G C*, so / 05 = go /. 

The proof of (iii) results from (ii) since G is non abelian. □ 

Lemma 2.2. {\^, Lemma 2.3) Let B = {ai, On) beabasisofU\ ThenAff{B) 
is defined by 

{n n ^ 

fe=i fe=i J 

Remark 2.3. As consequence of Lemma [2T2l if Eg contains a, ai, . . . , a„ such that 

n n 

(ai, . . . , an) is a basis of C" and a = cifeOfc with ^ a*: 7^ 1. Then Eg = C". 

fc=i fc=i 

Lemma 2.4. Lef G be a non abelian subgroup o/H(n, C). T/ien is a subgroup 
ofC*. Moreover, G A^ ^/G\7^„ 7^ 0. 

Proof. One has 1 G Ag since idR^i G G. Let A,^ G Aq and f,g £ G defined by 
/ : X I — > Xx + a, and g : x 1 — > ^x + b, x & R", so / o (?~-^(a;) = — ^ + a. 

Hence ^ G Aq. Moreover, Ag\S'^ ^ 0, if G\7^„ 7^ 0. So a" = 0, for any 

^ m— >±oo 

a G Ag\S'^ It follows that G A^. □ 



Lemma 2.5. Let G be a non abelian subgroup of 'H{n,C) with G\STZn 7^ and 
Ag\R^9. Then: 

(i) AG\(F2Ui^3UM) 7^0. 
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(ii) if Eg is a vector space, there exist fi = (ai, X), . . . , fp — (oj,, A) G G\STZn 
such that A G Ag\R and (ai, . . . , Op) is a basis of Eg- 

(iii) if G' T^a° GoTa for some a G Tg, then Eg' — T^a{EG) cind Ag' = Aq. 



Proof (i) Let / ^ (a,A'),ff = {b,n) G G such that A' G Ag\K and ^ ^ (F2 UF3). 
Suppose that A' G Fi for some i G {2,3} and ^ G M, so |A'| — 1 and |^| 7^ 1 since 
-1,1 G F2 UF3. Then |AV| 7^ 1, it follows that AV <^ (i^2 U F3) and A'// 



because /i G M and A' ^ M. Therefore f o g = (c, A'/i) for c 
A = A'/ie Ag\ (i^sUFaUK). 



- A'/^6+A' a)+a 
1-A> ' 



SO 



(ii) Suppose that dini(z;eci(rG)) — k < dini(£^G) = p. By Lemma [HT] (iii), fc > 1. 
By (i), we let ai, . . . , Ofc G Tg and &fc+i, . ■ ■ ,bp G Gi(0), such that: 

- Si = (ai , . . . , afc , 6fe+i , . . . , 6p) is a basis of Eg ■ 

- (ai, . . . , Ofe) is a basis of vect{TG)- 

- f = (ai,A) G G\STZn with A G Ag\M. (i.e. A G Ag\(-F2 U F3 U M)). 
-fk = iai.Xi) G G\Tn, i = 2,...,k. 

Write /; = /. o / o fr\ for every 2 < z < fc. We have /; = (/.(ai). A) G G\r„. See 
that /i(ai) = Ajfli + (1 - Ai)aj G Fg, i = 2, . . . , fc. 

For every fc + 1 < i < p there exists G Gi such that Ti{0) — bi. Write 
fi = T,ofo Tr\ for every k + I < i < p. We have /, = (T,(ai), A) G G\57^„. So 
Tj(ai) G Fg and Tj(ai) = ai + 6^, fc + 1 < i < p. 



Let's show that B2 ^ (/i(ai), . . ■ , /fc(ai), 7)c+i(ai), 
Let 



,Tp{ai)) is a basis of Eg- 



M = 



B A 

Ip-k 



B 



G M„ 



1 A2 

I-A2 







with A = 



G Mk,p-k{C), 



A3 








Afe 






1- Afc 



G Mfe(C). 



and /p-fe is the identity matrix of Mp^ki'C)- As G G\Tn, Xi ^ 1, for every 
i = 2, . . . , fc, so M is invertible and M{Bi) = B2- So B2 is a basis of i?G contained 
in Fg, a contradiction. We conclude that k — p. 



(iii) Suppose that Eg is an affine subspace of R" with dimension p. Let a G Fg and 
G' = T^aoGoTa- Set / = (a, A) G G\r„, then T_aofoTa = Aide- e G'\r„, so 
G Fg' C i?G'7 hence Eg' is a vector space. By [ii) there exists a basis (a'^, . . . , a^) 
of Eg' contained in Fg'. Since Fg' = r-a(FG), we let — Ta{a'jJ, 1 < k < p, then 
fli, . . . , flp G Fg. We have Fg' = T_a(FG) C T^a{EG) and T_a{EG) is a vector sub- 
space of M" with dimension p, containing a'^, . . . , a' Therefore Eg' — T-a{EG)- 
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On the other hand, for every g — (6, /i) G G\Tn, T^a ° g ° Ta — (6 — a,/i), so 
Ac = Ag. □ 

Lemma 2.6. Let G be a non abelian subgroup of'H{n,C). Then: 

(i) If Eg is a vector subspace o/C", then G(0) C Eq. 

(ii) Tq and Eq are G-invariant. 

Proof, (i) By construction, Gi(0) C Eq- Let / S G\G'i, then / = (a, A), for 
some A € Aq and a G Fg C E'g- Therefore f{z) = X{z — a) + a, z G C" and 
/(O) = (1 — A)a, so /(O) e -Eg since Eg is a vector space. 

(ii) Fg is G-invariant: Let a G Fg and g E G then there exists A G C\(F2 U F^) 
such that / = (a, A) € G\57^„. We let go f o g-^ = (g(a), A) e G\57^„, so 
5(a) € Fg and hence Fg is G-invariant. 

Eg is G-invariant: Let a S Fg and G' = T^a° G oTa. We have G' is a non abelian 
subgroup of 'H(n,C) and Ec — T^a{EG) is a vector subspace of C". Let f £ G' 
having the form /(z) = Az + 6, z e C". By (i), 6 = /(O) e Fg' C Eg'- So for 
every z S i?G', /(^) € ^-c, hence Eq' is G'-invariant. By Lemma [2.51 (111) one has 
Eg = T^a{EG') is G-invariant. □ 



Lemma 2.7. Let G be a non abelian subgroup of 'H{n,'C). Suppose that Eg is 
a vector space and there exist fi — (oi, A), . . . , /p = (opjA) G G\STZn with A G 
Ag\{0, 1} and Bi — (oi, . . . , Up) is a bases of Eg- Then there exists f — (a. A) G 
G\STZn such that B2 ~ (ai — a, . . . , Op — a) is also a basis of Eg- 



Proof. Let a = /p_i(ap), since /p_i = (op_i;A) G G\STZn then a 
A)ap_i. By Lemma [2?6l fii). Fg is G-invariant, so a G Fg. Let 



Aa„ 



P 



1 




A- 1 
-A 



Since A ^ {0, 1}, then det(P) 
P{Bi) — B2 so B2 is a basis of I 







1 

A- 1 
-A 








A 
A 









A- 1 
1- A 



2A(1 — A) 7^ and P is invertible. We have 

□ 



By the same proofs of Lemmas 2.8 and 2.1, in 0, we can show the following 
Lemma: 

Lemma 2.8. Let G be the subgroup of'H{n^ C) generated by fi = (ai, Ai), . . . , fp — 
(op, Ap) G ■H(n, C)\STZn. Then Eg = Aff{{ai, . . . ,ap}). 



Lemma 2.9. LetG be a subgroup of 'H{n,C) generated by f ~ (a, A) and g = (&, /i). 
Then A = C(6 — a) + a is G-invariant and G/a is a subgroup ofH^i, C). 
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Proof. Let a G C, and z = a{b — a) + a we have 



f{z) = X{a{b — a) + a — a) + a 
= Xa(b — a) + a 



and 



g{z) = fi{a{b — a) + a — b) + b 

= i2{a — l){b — a) + b — a + a. 
= (l + /i(a- l))(6-a) + a 



So f{z), g{z) e C{b-a) + a. 



□ 



Lemma 2.10. Let G be the group generated by h = Xldc and f = (a, A) with 
a e C*, A ^ C\{0, 1}. Then for every k € Z* , one has: 

(i) Aq = {A-J, j e Z} and for every b e Tq, g = {b, A) e G. 

(ii) (A'= - l)2Gi(0) c Gi(0) and (A*= - if To C Gi(0). 

(m) A'=Gi(0) c Gi(0). 

(if) z/A'= ^ 1, (^) Gi(0) c Tg and (1 - A'=)rG C To- 
Proof Let k e Z* such that A'^ 7^ 1. 

(i) Let beVc and 51 = {b, n) G G\7I, so 51 = o /™i o • • • o o /™f for some 
p e N and ni, mi, ... , rip, e Z. Then 

g^{z) = A"i (A^i (. . . (A"*- (A"" {z-a) + a) a) + a) , z e C 

It follows that fx = A^ with j = m + mi H h rip + mp and so = {A-^ , j e Z}. 

It follows that g = {b, A) = g^^^'^ e G. 

(ii) Let a € Gi(0) and g = TaO ho T_q, so g = (a, A) and g'^ o h'' o g-'^ o h~''{z) = 
z + {l- X^fa, z e C. So (A''^ - If a e Gi(0). 

Let 6 e Tg. By (i), 5 = (&, A) e G then g'' o h'' o g-'' o h-''{z) = z + {1 - X'')% 
zeC. So (1- A'=)26g Gi(0). 

(iii) Let b e Gi(0). We have n G Gi and 



h'' oTi,oh-''{z) 



X''iX-''z + b) 
z + X''b, 



then X'^bG Gi(0) 



(iv) Let a G Gi(0). We have e Gi and 
T„o/i'=(z) = A*^z + a 




a 



e Tg (1). 



1- A'^ 



Let b e Tg. By (ii), (1 - A'=)26 e Gi(0) and by (1), ^i^^ = (1 - A'=)6 e Tg- □ 
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Lemma 2.11. Let G be a subgroup o/'H(l,C) with G Tg- Then: 
(i) Agz + Gi(0) C G{z) C Aqz + G(0) for every zeC. 
(n) (1 - \)Tg U Gi(0) c G(0) c Gi(0) U Tg- 



Proof. Let /i = Aic?c" G G for some A G Aq, since G and let /' G G with 
f'oh^hof\sof = f'oho f'~^ = (a, A) for some a G Tg- 

Proof of (i): Let g — (6, /i) G G, so 

ofz) = / ^^{z-h) + b = ^iz + {l- ii)b, if g G G\Ti , s 

^ \ z + if geGi ^ ' 

By (2), 6,(1 - G G(0), so G(z) C Agz + G(0). Conversely, let ^l G Aq, 
a G Gi(0) so Ta G G. By Lemma [2ll0l(iv), a' = G Fg and by Lemma [230l(i), 
g = (a',/i) G G\7i. Then g{z) = — a') + a' = /iz + (1 — /i)a', thus g{z) — 
fj.z + a e G{z). It follows that Aqz + Gi(0) C G(z). 

Proo/ o/ (^m;.- Let b G G(0), so 6 = /(O), for some / = (a,/i) G G. By (2), 
6 = a G Gi(0) if / G Gi and a G Fg if / G G\Ti. By Lemma [230l(i), ^ = A*^ 7^ 1 
for some k e Z* , then 6 = (1 — A'^)a and by Lemma [2.1 OK ivl. 6 G Fg- It follows 
that G(0) C Gi(0) UFg. 

Let b G Fg. By Lemma [230l(i), g = (6, A) G G\Ti, so g(0) = (1 - A)5 G G(0). 
Then (1 - A)Fg C G(0). As Gi(0) C G(0), the results follows. □ 

Notice that the following Lemma is a consequence of Theorems 2.1 and 3.1 given 
in [4], for a closed subgroup of R", by identifying C" to K.^", we obtain: 

Lemma 2.12. Let H be a closed subgroup of <C. Then: 

(1) If H is discrete then H — Za or H ~ Za + Z6, for some basis (a, b) of C over 
R. 

(2) If H is not discrete then there is one of the following: 

(i) H = C. 

(ii) H = Ra, for some a G C. 

(iii) H = Ka + Zb, for some basis (a, b) of C over M. 



3. Some results for the case n=l 

In this section, we study the case when n — I and G is generated by / = (a. A) 
and g = {b, ji) for some A G C\M; /i G C and a, 6 G C" with a^b. 

3.1. Case: |A| ^ 1. 

Lemma 3.1. Let A G C\S'\ fi € C and a,b & €^ with a ^ b. If G is the 

group generated by f ^ (a, A) and g = (6, fi) then Gi{z) = C{b — a) + a for every 
z G C(6 — a) + a. In particular, G{z) — C{b — a) + a for every z G C{b — a) + a. 
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Proof. We can assume that fj, — X, otherwise we replace 5 by g o / o g^^ and so 
G will be the group generated by / = (a, A) and g = (6, A). Suppose that |A| > 1 
(leaving to replace / by f~^). 

(i) Firstly, we will show that Gi is not discrete. Denote by G' = T^a °GoTa, then 
G" is generated by /i = T_a o / o and g' = T^a ° 9 ° Ta- We obtain h — X.idc^ 
and g' = {b — a, A). 

Therefore h'' o g'*= o h^'^ o g'^^{z) = z - (A''' - 1)^(6 - a), z e C" for every fc e Z. 
Write Ta^ — h'' o g'^ o h^^ o g'^^ is the translation by Ofe = — (A'^ - 1)^(6 — a). One 
has 

afe - afc+i = ((A'^+i - if - (A'^ - l)^) (6 - a) 

= A'=(A - 1)(A'=+i + A'^ - 2)(6 - a). 

Since |A| > 1, it follows that 

lim \\ak - ftfc+ill = 0. (1) 
fc— f — 00 

so G"]^(0) can not be discrete. 

(m) Secondly, suppose that G"i(0) 7^ C(6 — a), then by (i) and Lemma [2.121 there 
are two cases: 

• Suppose that G''i(0) = (Ma + Z/3){b — a), for some basis {a{b — a),l3{b — a)) 
of C{b — a) over R. Let u = /3{b — a) and Tu the translation by u. See that 
u e Gi(0) c G'(0) and so G'{u) c G'(0). Remark that T„ e G[, where G[ 
is the closure of G'l in 7^, then gi = T_„ o h o Tu G G', so 51 = (w. A). Let 
bk ~ — (A*^ — ifu and Tb^. be the translation by bk, fc e Z. As above, we have 
Tb^ ^ o g'l o h^'" o gj^''" e G2 n 7^, since /i and gi G Gj, for every fc S Z. 
Therefore, by (1), Zim \\bk ~ f^fc+iH = 0, so — ^feo+i|| < 57 fo^^ some fco G Z. 

Let w = - then w = /3 ((A'=''+i - 1)^ - (A'^'" - l)^) (& - a) G /3M(6 - a), 

so w ^ (aM + /3Z)(a — 5) = Gi(0) since ||w|| < i, a contradiction, because v — 

Tb,,on,^^^{o) G (G^nr„)(o)cG[(o)- 

• Suppose that Gi(0) = aM(a - 6), for some a G C*. As A G C\M, so aR{a - b) 
can not be invariant by h. On the other hand, G'i{Q) C aA{a — b), then for any 
Ty G G'l, one has v G aK(a - 6) , so T' = h o Ty o h^^ = T,j(„) G G^, hence 
/i(w) = Aw G q;IR(o — 6), a contradiction. 

(mj) Finally, we conclude that G[{0) = C{a-b) and by Lemmal^ G'(0) = C(a-&). 
It follows that G(a) = rb(C(a - b)) = C(6 - a) + a. □ 

3.2. Case: |A| = 1. In this case, write A = e^^ 9 e M.. We identify C to R'^, by 
the isomorphism (p : z = x + iy — > {x, y). State the following results: 

Theorem 3.2. Let G he a group generated by h = e^^Idi and f = (a, e'^), a G C*. 
Then there is one of the following: 

(i) Every orbit of G is dense in C. In this case f ^ STZi. 

(ii) Every orbit of G is closed and discrete. In this case f G STZi. 
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Proposition 3.3. If ^ ttQ, /i e C and a,b E C", with a ^ b. If G is the group 
generated by f — (a, e*^) and g = {b, ji) then G{a) = C(6 — a) + a. 



Proof. By Lemma [2.91 A = C(fe — a) + a is G-invariant and G/a is a subgroup of 
•H(1,C). 

First, we can assume that — e*^, otherwise we replace g hy g o f o g~^ ^ second we 
suppose that a ~ 0, otherwise we replace G by o G o T-^. Then we will show 
that G(0) = C. 

Let G' — tp o G o ip^'^, then G' is the group generated by i?i — ip o h o ip^^ and 
R2 = p o f o . By a simple calculus, we can check that Ri — sinO 

SlfYljiy cost/ 

and i?2 = '^ipi.b) ° Ri o T-ip(b) is the rotation with center p(b) and angle 9. No- 
tice by ||.|| the Euclidean norm on defined by = + y^- Let 
u = {xo, yo) € and = (0, 0). There are three cases: 

(1) Suppose that u ^ o. Write the closed ball D = \y € R^, ||w|| < ||w||} and 
its border G = {z; G R^ = 

(i) Firstly, we will prove that o G R^\T(£') for some T £ G{. For every z G C", on 
has 

hofoh-'o f-\z) = e'\e-'\e\e~'\z -a)^a)~a\^a) 
= z + (1 - e^'") a. 

Write c = (1 - e^''') a, hence h o f o h-^ o f-^ = T^. E G\{idc} since 6* ^ ttQ. Then 
Tip{c) — poTcop^^ G G', so T„^(c)(o) G R'^\Z3, for some n G N, we take T = T^^i^c)- 



(ii) Secondly, let's prove that T{D) C G'{u). Let b G T(L') and set Gh = {w G 
r2^ Hull = || b||}. B y (i), o ^ T[D) then Gh n T(G) 7^ 0. Let 6' G Gfc n r(G), 
therefore 6' G G'{u), because T E G' and the orbit of u by Ri is dense in G, since 
9 ^ ttQ, so G C G'{u). In the same way, one has Gb C G'(&') C G'(u), by It 
follows that 6 G Gb C G'(u) and so r(L>) c G'(u). 

(iii) Finally, we conclude that G' (u) is locally dense for every 0. 

(2) Suppose that u = o, so R2{o) 7^ o, by applying (1) on w = -^2(0), we ob- 
tain G'{v) is locally dense, so G'(o) is locally dense, since G'(o) = G'{v). 

(3) We conclude that every orbit of G' is dense in R^, since is connected and 
every orbit is locally dense. It follows that, every orbit of G is dense in C. □ 



Lemma 3.4. Let 9 E 7r(Q\Z), fj, E C and a,b E C", with a ^ b. If G is the group 
generated by f — (0,6*") and g — then every orbit of G is dense in C{b^a) + a 

or is closed and discrete. 



Proof. By Lemma [2.91 A = C{b — a) + a is G-invariant and G/a is a subgroup of 
7^(1, C). Firstly, we can assume that fi = e'^, otherwise we replace g by g ° f o g~^ , 
secondly we suppose that a = 0, otherwise we replace G hy TaO G o T-a- Then we 
will show every orbit of G is dense in C or closed and discrete. 
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Thirdly, we will show that Gi(0) is dense in C or it is closed discrete. Suppose that 
Gi(0) ^ C and Gi(0) is not discrete. Thenby Lemma Gi(0) = Zai + Ma2 

for some ai, 02 G R with 02 ^ 0. So Ta^ S Gi where G be the closure of G in 7^. 
Let g = Ta^oho T_ai, then g = (01,6^"). Since 6* G tt (Q\Z), so e*^Ma2 ^ Ma2. By 
Lemma r2.10l (iii). e*^Ra2 C Gi(0) = Zai + IRa2, a contradiction. 

We conclude that Gi(0) is dense in C or closed and discrete. 

Finally, by Lemma f2.10[ (iii), (iv) and Lemma [2.11[ fi') and (ii) we have Gi(0) is 
closed discrete or dense if and only if are Tq and Gi (0) and this is equivalent to is 
G(0). On the other hand, 6 e 7r(Q\Z), so by Lemma [^TTUl (i). is finite and the 
proof results from Lemma I2.11[ (i) and (ii) . □ 



Proposition 3.5. Let 9 e 7r(Q\Z), /i e C and a,b G C", with a ^h. If G is the 
group generated by f — (a, e'^) and g — {b, fi) then G{a) is closed and discrete if 
and only if G C S2'R-n or G C SsTZn- 

To prove Proposition 13.51 we need to introduce the following Lemmas: 

Lemma 3.6. Let G be the group generated by h = e^^Idc and f = (ao,e*^) with 
oq G C* and G M. //Gi(0) = Zai +Za2 where (01,02) is a basis ofC over K then 
there exists P G GL(2,C) such that Pei — oi, Pe2 = 02 and P^^RgP G 5'i(2,Z), 

cosO sinO ^fiQj-g (e-|,eT) is the canonical basis ofM^. 
sm9 cos9 V i' J 



where Ra = 



Proof. IfGi(O) = Z01+Z02 with (oi, 02) is a basis of C over K. Bv Lemma l2.10l fiii'). 
e^^oi, 6*^02 G Gi(0), so 

e*^ai = nai + mo2 and 
6**02 = "-'oi + m'a2 

for some n, m, n' , m' G Z. Write oi = a + ic and 02 = + id, o, c, 6, d G M then: 

J {cosO + i.sin6){a + ic) = n{a + ic) + m{h + id) 
\ {cos9 + i.sin9){b + id) = n'{a + ic) + m'{h + id) 

So 



a.cos9 — c.sin9 = na + mb 
a.sin9 + c.cos9 = nc + md 



and 



b.cos9 — d.sin9 = n'a + m'b 
b.sin9 + d.cos9 = n'c + m'd 



Write P 



a b 
c d 



then (1) is equivalent to 



Rg[a,cf ^ P[n,mf and Rg[b,df ^ P[n' ,nif . 
As Pei — [a, c]^ and Pe2 — [b, c?]-^, so 

RgPci ~ P[n,m]'^ and RgPe2 = P[n',m']'^. 
As (oi, 02) is a basis of C over M one has P G GL{2, R) and so 

p-^RgPei G Z^ and p-^RgPe2 G I?. 
It follows that P-^ReP G SL{2,Z). 



(1) 



□ 
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Lemma 3.7. Let G he the subgroup ofH{l,'C) generated by h = e^^Idc and f = 
(a, e*^) with a e C* and 9 e H2U H3. Then 

(Z(l - e-'")^ + Z(l - e'^f) a C G(0) C (Z(l - g-*") + Z(l - e'")) a. 

Proof. Denote by ai = (1 — e^*^)a and 02 = (1 — e*^)a. 

• Firstly, we will prove that Zai + Za2 is G-invariant: 

- If e H2, suppose that 9 = ^. Then e^*^ = — i, e*^ = i, so ai = (1 — i)a and 
a2 = (1 + i)a. Let u = nai + ma2, for some n,m Cz 'Z,, so 

= — i)a + m(l + i))a 

— na2 — mai 

and 

,f{u) = i (ri(l — i)a + m(l + i)a — a) + a 
= n{l + i)a — m(z — l)a + (1 — i)a 
— na2 — {m — l)ai 
Then h(u), f{u) £ Zai + Za2. It follows that Zai + Za2 is G-iiivariant. 

- If 9 e H3, suppose that 9 ^ ^. Then e"*^ = 6"*^ and e''^ = e*t. As 
1— e*" = e^'s' and 1— e"*" = e'a' so oi = e*'3 a and 02 = e"*'^' a. Let m = nai+ma2, 
for some n, m G Z, so 

— e^{ne^^a + me~^a) 

2iTV 

= ne 3 a — ma 

= — ne~3~a — m(e'^ + e~^)a 

= (— n — m)e~^ a — me^~ a 

and 

f{u) = ^(?ie*^a + me~^a — + a 

2iTV i-K 

— Tie 3 a — (m — Ija — e 3 a 

= —ne^~a — (to — l)(e"3" + e~"^')a — e'^a 

— (— n — TO + l)e~3~a — me~^ a 

Then h{u), f{u) G Zai + Za2. It follows that Zai + Za2 is G-invariant. 

• Secondly, G(0) C Zai + Za2, since G Zai + and by above, Zai + Za2 is 
G-invariant. In particular 

Gi(0) c G(0) c Zai -FZa2 (!)■ 

• Finally, by Lemma [2.101 (111). (1 

As Gi(0) is an additive group then 

Z(l-e-''')2a + Z(l 



- e-''^ya, (1 - e'^'ya G Gi(0) since a G Tg- 

-e'«)2acGi(0)cG(0) (2). 

□ 
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Lemma 3.8. Let G be the subgroup o/'H(l,C) generated by h = Xldc and f — 
(a, A) with a G C*, A ^ M. // Gi(0) is discrete then Gi(0) = Zai + Za2 for some 
basis (01,02) of C overM.. 

Proof By Lemma [HUKii), 7^ (A - If a e Gi(0). Write oi = (A - if a. By 
Lemma 12.101 (111). 02 = Aoi G Gi(0). As A <^ R, (01,02) Is a basis of C over 
M. Then Zoi + Z02 C Gi(0) since Gi(0) Is an additive group. By Lemma [2.121 
Gi(0) = Za[ + Zoj for some basis (o'^, Oj) of C over R. □ 



Proof of Proposition \3. 51 By Lemma 
Is a subgroup of 7^(1, C). 



A = C(6 — o) + o Is G-lnvarlant and G 



/A 



First, we can assume that /i 



, otherwise we replace g hy g o f o g 1, second 



we suppose that o = 0, leaving to replace G by Tq o G o T-a- Then we will show 
that G(0) Is closed and discrete If and only If G C S2R-n or G C S^TZn- Then G Is 
generated by /i = e'^/dc and g = (6, e'^) with 6 e C* and 6* e IR. If G(0) Is discrete 
so Is Gi(0). Therefore, by Lemma [3751 Gi(0) = Zoi +Z02 for some basis (01,02) of 
C over M. By LemmajHH there exists P G GL(2, M) such that P'^ReP € 5*^(2, Z), 



where Re 



cost/ 
sinO 



— sind 
cosO 



. Write P 



h' 
d' 



and A = p-^ReP, so 



A 



a'b' -\-d' c' 
a' d' — h' c' 



sinO 



i' d' — h' c' 



\a'd'-b'c' J 



a'b' -\-d' c' 

i — T I OLit^w u.u'oiy I I — 7-77 7-7 — T 

c J \ a a —b c 

As A G SL{2, Z) then there exist n,m £ Z, such that 



sinO 



cosu — 
cos 9 + 



a'b -\-d'c 
a' d' — b' c' 



a' d' — b' c' 



sinu 
sinO ■ 



- n 
m 



so cose = ^ 



£ iZ. Hence cosd G {~5jOi|} since 9 ^ ttZ, therefore sin9 £ 

|-1, 1, Thus e e (f + ttZ) U (-f + ttZ) U (f + ttZ). Then G C 5211^ 

if 61 e (f + ttZ) and G C SsTZn if 9 £ (-f + ttZ) U (f + ttZ). The converse follows 
from Lemma 13.41 The proof Is complete. □ 



3.3. Proof of Theorem (SHI 

Lemma 3.9. A,/i G C* and a,b £ C", with a ^ b. If G is the group generated by 
f = (o. A) and g ~ (&, ^i) such that G{a) = C(6 — o) + o then G{z) = C(6 — o) + o, 
/or every z £ C{b — o) + o. 

Proof. Let zeC(& — o) + o. There are three cases: 

- If |A| ^ 1 or ^ 1, then by Lemma |3lll Gi(z) = C{b - o) + o, so G(z) 
C(&- o) +0. 

- If |A| = = 1, then G C 7?.„. Since z £ G(o), then there exists a sequence 
(5m)m C G such that lim gm{a) = z. Write 5™ = (am,£m), with \em\ = 1 

m— ^4-00 

for every m e N. Since {gmO,)m is bounded then is (om)m- Therefore, there is a 
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subsequence (a;p(m))m such that lim aipi„i) = c and lim e(p(m) = e, for sonic c G 
C" and e G S*^. Moreover, Zzm gu,(m) = h = (c, e). Therefore ^im gm(m){'^) — 
/i(a) = z. So ^im g~^„i^){z) = h^^{z) — a. It fohows that a G ^(z), hence 
a) + a = G(^ C G(I). □ 



Corollary 3.10. Let G M, /i G C and a,b G C", wjt/i a ^ b. If G is the group 
generated by f — (a, e*^) and 17 = (6, /i) smc/i i/iai G\STZn ^ i/ien every orbit of 
G is dense in C(b — a) + a. 



Proof. The proof resuhs from Lemma 13.11 Propositfon 13.31 Lemma 13.41 Proposi- 
tion 13.51 and Lemma 13.91 □ 



Lemma 3.11. Let G be a non abelian subgroup ofH{n,C). If G\TZn 7^ 0, then for 
every z G C" we have Tq C G{z). 



Proof Let z G C", a G Fg and / = (a, A) G G\7ln with |A| 7^ 1. Suppose that 
|A| > 1 and so 

lim f*'{z)~ lim \^{z — a) + a = a. 

k — V — 00 k — y — 00 



Hence a G G{z). It follows that Fg C G{z). □ 



Proof of Theorem \3.'2[ The proof of Theorem 13.21 results from Proposition 13.51 and 
CoroUaryEini 

Proof of Theorem \1.5\ Let G = ip^^ o G o ip^ so G is a non abelian subgroup 
of nil, C). Firstly, if {H2 U H3) \{e, 6'} ^ then G\57^2 ^ 0. Therefore: 
The proof of (l).(i) results from Thcorcm l3.2l Let's prove (l).(ii): 
Suppose that 6 E II2 and 6' E H^, then by using the analytic form / = o Rg o p 
(resp. g = ip^^ o Rgr o ip) of Re (resp. Rg') we have / = (a,e*^) G ^27^2 and 
g = (6, e'^ ) G Sj,TZ2, where p{a) (resp. p{b)) is the center of Rg (resp. Rq')- Then 
fog= (c,e*(«+^')) with t37«+«'r - See that 61 + 61' G + ttZ) U + ttZ) . 
Then 9 + 6' II2U II2. The assertion (1).(m) follows then from (l).(i). 
(2) In this case, we can assume that G C STZ2. By Lemma [3771 if G C 5272.2 or 
G C 5^712 then every orbit is closed and discrete. By (1), it remains to verify the 
following case: 9, 9' G Hi for some i G {2, 3}. Then G C SiR,2- The results follows 
from Lemma 13.71 The proof is complete. 
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4. Some results in the case G\STZn ^ for n > 1 



We give some Lemmas and propositions, will be used to prove Theorem 1 1.1 1 

Lemma 4.1. Let G be a non abelian subgroup ofH^n^C) such that G\STZn 7^ 0- 
So Gi ^ {«dc4 and ifOGTc then Gi(0) C To- 

Proof. Let /, g e G such that fog ^ gof. Write / : z i — > Xz+a and g : z i — > iiz+b. 
So for every z G C", one has 



Hence / o ,g o /"i o g-^ = e Gi\{idc"}, with c = (A - 1) 5 + (1 - ^) a. 
Suppose now that G Tq, so there h — Xidcn e G\STln for some A S Aq. Let 
a e Gi(0), then Ta o h o T_a = (a, A) g G\57^„. So a e Tg- The proof is 



Proposition 4.2. Let G be a non abelian subgroup ofH{n,C) such that Ag\R ^ 
and G\STZn ^ 0. Then G{z) — Eq, for every z £ Eq. 

To prove the Proposition, we need the following Lemmas: 

Lemma 4.3. Let G be a non abelian subgroup of 'H{n^'C), f £ G and u,v £ C" 
then /(Cm + v) ^ Cu + f{v). 

Proof. Every f E G has the form f{z) = Xz + a, z E C". Let a G C then 
f{au + v) — X{au + v) + a = Xau+{Xu + v) = Xau + f{v). So f{Cu + v) C Cu + f{v), 
then f{Cu + v) ^Cu + f{v). □ 

Lemma 4.4. Let G be a non abelian subgroup of'H{n, C) such that Eq is a vector 
subspace of C" and Tq 0- Let a, Oi, . . . , Op G Tq such that (oi, . . . , Op) and 
(ai — a, . . . , flp — a) are two basis of Eq and let Dk — C(afc — a) + a, 1 < k < p. If 
Dk C G(a) for every 1 < k < p, then G(a) = Eq. 

Proof. The proof is done by induction on dim(£^G') = P > 1- 

• For p = 1, if there exists a,ai G Tq with a =/= ai such that Di C G(a), where 
Di = C(ai - a) + a, then G(a) = £^0, since Di = £^0 = C. 

• Suppose that Lemma 14.41 is true until dimension p — 1. Let G be a non abelian 
subgroup of Hin, C) with Tq ^ and let a, ai, . . . , G Tq such that (ai, . . . , Op) 
is a basis of Eq. Suppose that Dk C G(a) for every 1 < /c < p. 

Denote by H the vector subspace of Eq generated by (ai — a), ... , (ap_i — a) and 
Ap_i =Ta{H). Wehave Ap_i = ^//(a, ai, . . . , ap_i). 

Set A, Afc G Lg, 1 < fc < p - 1 such that / = (a, A), /fe = (ofc, Afe) G G\57^„. We let 
Gfc be the group generated by / and fk for every l<fc<p— 1, so Gk\STZn 7^ 0- 
By Coroharv 13.101 we have Gfe(a) = Dk for every A: = 1, . . . ,p— 1. Let G' be the 
subgroup of G generated by /, fi,. ■ . ,/p-i, then Dfc C G'(a) for every 1 < fc < p — 1. 




z + (A - 1)6+ (1 -,u)a. 



complete. 



□ 
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By Lemma [2^ we have Ec = Ap_i. Let G" = T-a°G' oTa, by Lemma [231 (iii) we 
have Eg" = T^a{\-i) = H and D'^ = T^a{Dk) C G"(0) for every 1 < fc < p - 1. 
By induction hypothesis apphed to G" we have G"(0) — H so G'{a) ~ Ap_i. Since 

G'(a) C G(a), then 

Ap_i c G(^ (1) 

Let 2; € £'g\Ap_i and D = C(ap — a) + z. Since (ai — a, . . . , Cp — a) is a basis of 
i?G, so H (S C(ap — a) = i?G. As a, 2; G then 2 — = 2; + a{ap — a) for some 
X €z H and a G C. Let y = x + a, as Ta{H) = Ap_i we have ?/ G Ap_i, and 

y = X + a 

= z — a — a{ap — a) + a 

— —a{ap — a) + 2 G -D. 

Hence y G Ap_i n D. 



By (1) we have y G G(a). Then there exists a sequence (/m)mGN in G such that 
lim fm{a) = y. For every m G N denote by /,„ = (6™, A™). 

m ^+00 

Remark that D — C{ap — a) +y, since z, y G -D. By Lemma 14.31 we have fm{Dp) = 
fm{'C{ap — a) + a) = C(ap — a) + fm{a)- Since lim fm{a) = y then for every 

m ^+00 

V = a{ap — a) + y ^ D, a £ C, one has 

lim fm{a{ap — a) + a) ^ v. 

m ^+00 



As a{ap — a) + a E Dp C G(a), then v G G(a). Therefore Z? C G(a), so z G G(a), 
hence 

Eg\Ap_,cG{^ (2). 

By (1) and (2) we obtain Eg C G(a). Since Fg 7^ then by Lemma [2.6l (ii'). we 
have Eg is G-invariant, so G(a) C Eg since a G Eg- It follows that G(a) = _Eg. □ 

Proof of Proposition \4. ^ Let G be a non abelian subgroup of 'H{n^TZ). Since 
G\STZn ^ then Fg 7^ and suppose that Eg is a vector subspace of C", (one 
can replace G by G' = T-a o G o Tq, for some a G Fg)- 



(i) We will prove that there exists a G Fg such that G(a) = Eg- By Lemmas l2. 51 (11) 
and 12.71 there exist / — (a, A),/i — {ai, X), - . . , fp = (ap,A) G G\STln such that 
A G Ag\]R, (ai,...,ap) and (ai — a, . . . ,ap — a) are two basis of Eg- Denote 
by Dk = C(afe — a) + a, 1 < A: < p. For every A: = 1, ... ,p — 1, we let Gk be 
the group generated by / and fk- One has Gk\STZn 7^ 0, so by Corollary 13. 101 we 
have Dk = Gk{a) C G(a) for every 1 < k < p. By Lemma l44l we have G(a) = Eq- 



(ii) We will prove that G{z) — Eg for every z G Eg- By (i) there exists a G Fg 
such that G(a) = E'g- There are two cases: 

• If G\7^„ ^ 0, so by L emma [H JH F g C G(2). By Lemma El (ii), Fg and Eg are 
G-invariant, then G(a) C Fg C G(2) and so Eg = G{z). 

• Suppose that G C TZn- Since G(a) = i?G, there exists a sequence {fm)m C G 
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such that lim /m(a) = z. There are two situations: 

- /m = (flmiAm) G G\Tn f^or every to > no, for some tiq > 1- One has /m(a) = 
Amfl + (1 ^ Kn)o.m and the sequence {fmia))m is bounded, then the sequence 
((1 — X.m)am)m is bounded and so is {am)m- Therefore, there exists a subsequence 
{K(m))rn of (A^)™ and a subsequence (a^(„))„ of (a„)„ such that /im X^i^) = 

A' and lim a^(jy^\ = 6, for some b € Eq and A' e 5^, so A' ^ 0. Let / = (6, A') 

if A' 7^ 1 and / = Tfc if A' = 1. Therefore lim /„, = /. Since A 7^ 0, / is 

invcrtible and lim = f^^, so / G G. As lim /m(a) = z ^ f{o)i we have 

m— >-+oo * m— >-+oo 

a = f^^{z) = ZiTO /^H^)- It follows that a G G{z), so _Eg = G(a) C G{z) C i?G, 

m— f +C30 

since Eq is G-invariant (Lemma 12. 6[ fii)). 

- fm ~ Ta„^ (z G nTn for cvcry TO > no, for some no > 1. As lim fm{a) = z, 
/zTO am — z — a, then ^ito /,„ = T^-a G G. Therefore a = Ta-z{z) = 

m— v+00 m— >H-C30 

lim f~^{z). It follows that a € G(z), so i?G — G(a) C G(z) C Eq, since 

m— f +00 

is G-invariant (Lemma I2.61 (ii')'). The proof is complete. □ 

Proposition 4.5. Let G be a non abelian subgroup o/'H(n,C). Suppose that 
Ag\R 7^ 0, G\STZn 7^ and i?G is a vector space. Then for every z G C"\Ec, we 
have G{z) = Ag-z + Eg- 

To prove the above Proposition, we need the following Lemma: 

Lemma 4.6. Let G be a non abelian subgroup o/'H(n,C) such that G\STZn 7^ 0- 
For every b G Eg and for every A G Ag there exists a sequence (/m)meN in G such 
that lim fm = f = {b,X). 

m ^+00 

Proof Let A G Ag and 6 G Eg- Given g = (a. A) G G, so a G (Fg U Gi(0)) C Eg- 
By Proposition 14.21 we have G(a) = Eg- Then there exists a sequence {gm)me¥i in 
G such that lim gm{a,) = b- For every to G N, denote hy fm = gm ° 9 o so 

m ^+00 

fra = (5m(a), A). Hencc lim /,„ = /, with / = (5, A). □ 

ni ^+00 

Proof of Proposition \4- 5] Let G be a non abelian subgroup of 'H(n,C) such that 

G\STln 7^ and Eg is a vector space. Let z G J7 = C"\£'g. 

Let's prove that Ag.z + -Eg C G(2;): Let a G Ag and a G i^G- 

• Suppose that a G Ag\{1}. Since Eg is a vector space, a' — G -Eg- By 

Lemma there exists a sequence {fm)m in G such that lim fm — f — (a', a) G 

G\r„. Then 

f{z) — a{z — a') + a' 
— az + {I — a)a' 
= az + a G G(z), 
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SO 

{Ag\{1}). z + Eg CG{^. 

• Suppose that a = 1, by Lemma WM there exists a sequence exists a sequence 
ifm)m in G such that lim fm = f = Ta £ Gi. So Ta(z) = z + a € G{z). It fol- 

m ^+00 

lows that az + a e 0(2) and so z + Eq C G(z). This proves that Ag-z + Eq C G(z). 
Conversely, let's prove that G(z) C Ag-z + Eg- Let f E G. 

• Suppose that / = (a, A) G G\7^. By Lemma [2?6lfi'). /(O) (1 - A)a e Eg since 
i?G is a vector space. Then f{z) = X{z — a) + a = Az + (1 — A)a e Ag-z + Eg- 

• Suppose that f = Ta G G Ci Tn, so J{z) = z + a e Aq.z + since by 
Lemma [2Jlfi). /(O) = a e Sg- K follows that G(z) C Ag-z + Eg- Therefore 
G(z) c A^.z + E^G- Hence G(z) = A^.z + Eg- □ 



5. Some results in the case G C STZn 

In this section G is a subgroup of SilZn (i = 2 or i = 3). 

Lemma 5.1. Let G he a subgroup ofHiji, C) such that G C SilZn {i = 2 or i — 3). 
Then: 

(i) Ag = Fi- Moreover, for every A, ^ £ Ag, X ~ fi^ for some k E'L. 

(ii) Gi[0) = G{Q)- 

(Hi) There exists a € Fg, such that G(z) ~ Ag(z — a) + G(a), /or every z € C". 



Proo/. Let a G Fg and G' = T_a oGoTa- Then ft, = /iidc" G G', for some £ Ag, 
so e Fg. 

(i) The proof follows from the construction of SiTZn, « = 2 or 3 and since Fi is 
cyclic. 

(ii) Firstly, Fg' C G[{0); Indeed, if / = (6, A) G G'\7;,, then by (i), A'= = 1 for 
some k eZ since is cyclic, i e {2, 3}. Thus /''' = (5, 1) = Tt and so 6 e G'i(O). 
Secondly, let a e G'(0)\Gi(0) and / = (6, A) e G'\Tn such that a = /(O) = (1-A)6. 
By (i), yu'^ = A, for some /c e Z. By applying Lemma [2.10l fiv) on the group Gfe 
generated by h'' and /, we have (1 — A)F(3fe C F^t, so a = (1 — A)6 G F^k C Fg'. 
It follows that a e Fg' C G']^(0). The proof of (ii) is complete. 

(iii) By Lemma Em (i), G'(z) C Agz + G'(0). Conversely, let A G Ag', a e G[{0) 
so Ta G G[- By (i), A = /i*^ for some fc G Z. As in the proof of Lemma [2.1 01 fiv). 

g ^Taoh^ ^ ( a) , so a' = G Fg'. Therefore, g(z) = A(z - a') + a' = 

Az + (1 - A)a', so g{z) Az + a G G'(z). Therefore, Ag'Z + Gi(0) C G'(z). By 
(ii), Ag'Z + G'(0) c G'(z). It follows that G'(z) = Ag'Z + G'(0), then G(z) = 
Ag(z - a) + G(0), since Ag' = Ag, G(z) = Ta(G'(z - a)) and G(a) = ra(G'(0)). 
The proof of (iii) is complete. □ 
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6. Proof of main results 



Recall that U = C"\Eg. 
Proof of Theorem\r^ Let a & Eg and G' = T^a o G o Ta- By Lemma (23] (iii) , 
Eg' — T-a{EG) is a vector subspace of C". Then : 

• The Proof of (!)•(«) results from Proposition |42I 

• Proof of (1).(m): By Proposition 14.51 G'{z — a) — Ag'-(^ — a) + E'q, for every 
z € U. So by Lemma l^fii). r_a(G(z)) = l^Xz ~ a) + Eg ~ a, it follows that 
G{z) =^-{z - a) + Eg. 

• Proof of (2); The proof of (2) results from Lemma [STTl □ 
We will use the following Lemmas to prove Corollary II .21 

Lemma 6.1. Let G be a non abelian subgroup o/H(n, C) with G\TZn 7^ arid 
U then for every z e G{y) DU we have G{z) CiU = G{y) n U. 

Proof. Suppose that Eg is a vector space (otherwise, by Lemma I2.5l fii). we can 
replace G by G" = T^aoGoTa for some a e Eg). Let z e G{y)nU and y e G{z)nU. 
By Theorem 1 1 . II ( 1 ) . (iii) . there exists a G Eg such that G{z) ~ Ag(z — a) + Eg. 
Since Eg is a vector space and a € Eg then G{z) = A^z + Eg. In the same way, 



See that G{z) n U ^ (Ag\{0})2; + Eg. Write y ^ az + b, where a £ Ag\{0} and 
b€EG. Soby (1), 

G{y) = A^y + Eg = 7i^(az + b) + Eg = oK^z + Eg. 

By Lemma [2^ S Ag and Ac is a subgroup of C*, then aAg = Ag, since a G A^. 



Lemma 6.2. Lef G be a non abelian subgroup of'H{n, C) such that Eg is a vector 
subspace of C". Let z Cz U then the vector subspace Hz — Cz Eg of C" is 
G -invariant. 

Proof. Let z E C"\Eg and f £ G having the form f{z) ^ Xz + a, z E C", one has 
a — /(O) E Eg. For every a E C, b E Eg, we have f{az + 6) = X{az + b) + a ~ 
Xaz+Xb+a. Since Eg is a vector space, then Xb+a E Eg and so f{az+b) E H^. □ 

Proof of Corollary 

• The proof of {l).(i): The proof results from Lemma |6. II 

• The proof of {l).{ii): As G\7^„ ^ 0, then by Lemma G A^. So the proof 
of (ii) results from Theorem l,l.(l).(ii). 

• The proof of {l).(iii): Suppose that Eg is a vector subspace of C" (leaving, by 
Lemma [^751 to replace G by G' = T_q o G o Ta, for some a E Eg). 

Recall that U = C"\Eg and let z,y eU with z ^y. Denote by = Cz © Eg 
and by Hy = Cy ® Eg. By lemma l6^ we have Hz and are G-invariant. Let 
$ : iJz — > Hy be the homeomorphism defined by $(az + w) = ay + v for every 
$ e C and V E Eg. For every f E G, with the form /(z) = Xz + a, z E C", then 



G(y) AGy + EG, 



(1). 



Therefore G(y) = Agz + Eg = G{z). 



□ 
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by Lemma [321 (i), a = /(O) £ Eg and so $(/(z)) = $(Az + a) = Ay + a = /(y). It 
follows that $(G(z)) = G{y). 

• r/ie proof of (2); The proof of (2) results from Lemma [STTl □ 



Proof of Corollary \1.3[ 

• From Corollary ll.2l fii'). the closure of every orbit of G contains Eg- Since 
dim(i?G) > 1, G has no discrete orbit. □ 



Proof of Corollary \1.4\ The proof of Corollary 11.41 results from Theorem 11.11 and 
Corollary O and the fact that C7 = C" if ^ 0. □ 



Proof of Corollary\n\ If G is generated by /i = (ai, Ai), . . . , /„_2 = (an-2, A„_2) e 
H{n,C). By LemmaE^l E^g C Ferf(ai, . . . ,a„_2), so dim(£'G) < ?i - 2. By Theo- 
rem [TTT] there are two cases: 

• If G \57^„ 7^ 0, then G(z) = Kgz + E g C C z + Eg, for every z e C"\i;G and 
G(z) = Eg for every z € £;g- Therefore, G{z) ^ C". 

• If G C STln, then G(z) = C", for some z € C" if and only if Gi(0) = C". Since 
Gi(0) C i?G, it follows that G has no dense orbit. 



7. Examples 

Example 7.1. Let G be the non abelian subgroup of 'H(l, C) generated by Tq the 
translation by a G C* and h = Q i ttZ. Then: 

(i) If 6' e U i?3 then every orbit of G is closed and discrete. 

(ii) li 9 ^ H2U H2 then every orbit of G is dense in C. 



Proof. Firstly, remark that G is generated by h and g = Ta o f = 

-If 9 e H2UH3, then 5 e 57^l, by Theorem |321(ii), the property (i) follows. 
-If 9 ^ H2UH3, then g ^ SUi, by Theorem |321(i), the property (ii) follows. 



□ 



Example 7.2. Let G be a subgroup of 'H(2,C) generated by /i = (ai,ai) and 
/2 = (02, ^2) and /a = (03, as), where Uk £ C\M with \ak\ 7^ 1, for every 1 < fc < 3 



and oi = 



V2 




02 



and 03 = 



-V3 
-V2 



. Then every orbit of G is dense 



Indeed, by Lemma lOI (i) . G is non abelian. By Proposition 14.21 for every z e -Eg, 
we have G(z) = Eg- By Remark [23] Eg = C^, so by Theorem [TTTJ every orbit of 
G is dense in C^. 
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Example 7.3. Let (ai, . . . ,a„) be a basis of C" and A G C\M. Then every orbit 
of the group generated by Ta^ , . . . , Ta„ , XI d is dense in C". 

Indeed, by Remark 12.31 we have Ea = C" and by Proposition 14.21 every orbit 
of G is dense in C". 
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